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1. INTRODUCTION 
If H is a subgroup of the finite group F, define, 
g(H) = V&H) = cocore H= u Hg, corec H = n HR. 
2TEG ‘?EG 
It is an easy exercise to show that cocore H = G implies H = G. Jehne [J] 
in studying number fields asked whether [G:H] = 2 and cocore K= H 
implies H = K. He essentially reduced it to the case of H simple. Sax1 [Sal, 
using the classification of finite simple groups, finished the proof of the 
assertion. If [G : H] = n > 2, then many nontrivial examples do exist (cf. 
[J; Pr; G; GW; Pe)). In particular, take G = A4 with (HI = 4 and JKI = 2. 
Similarly, we define 
Y(H) = PG(H) = {hg I h E H of prime power order and g E G}. 
In [FKS], using the classification theorem, it was shown that 
P(H) = 9(G) implies H = G. 
In this article, we extend both of the above. Our main result is: 
THEOREM A. Suppose H is a subgroup of G of index n. Set U = core, H. 
Assume G/USA,, n>5, or S,. IfK<G with gG(K)lPo(H), then K>Hg 
for some g in G. In particular, e&K) I>‘%;;(H) implies Ka Hg for some g 
in G. 
For G = AS, one can take H = A, and K = S,. Then %&(H) = %&(K). For 
n= 1, Theorem A is exactly the result of [FKS]. For n = 2, the result of 
Sax1 [Sal is that g&K) = V&(H) implies K = H. 
* Partially supported by NSF Grant DMS-8700961. 
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As in [J, FKS], one obtains number theoretic consequences. Suppose k 
is a number field with & its ring of algebraic integers. If L is a finite exten- 
sion of k, set Y(k, L) = { p E Spec Q 1 p has a degree one factor in L). We 
say p has a degree one factor in L if there exists a prime q of Co, with 
qn Q= p and IOJql = IQ/pi. Say LI and L2 are Kronecker equivalent 
extensions of k if Y(k, L,) nY(k, L,) is colinite in both Y(k, L,) and 
Y(k, L2). The relative Brauer group Br(L 1 k) is the kernel of the natural 
map from the Brauer group in k to the Brauer group in L. Arguing exactly 
as in [J, FKS, Sh], we obtain: 
COROLLARY B. Suppose k is a number field and L is field extension of 
k of degree II. Let M be the normal closure of L over k. Assume 
Gal(M/k) z A,,, n > 5 or S,. Let L’ be another finite extension of k. 
(a) If [Br(L’lk): Br(L’Ik)nBr(LIk)], is finite, then L’ is 
k-isomorphic to either L or k. 
(b) If Y(L 1 k) - Y’(L’ 1 k) is finite, then L’ is k-isomorphic to either L 
or k. 
In particular, for (a) with n = 1, one obtains Br(L’I k) is infinite for 
L’ #k. Similarly, for (b) with n = 2, one has L is Kronecker equivalent to 
L’ over k if and only if L = L’. 
Of course, we need the classification theorem in the form of an 
amalgamation of the results of [FKS, Sal. However, in our case, the 
reduction to the simple case is distinctly nontrivial. 
The article is organized as follows. In Section 2, we consider the proper- 
ties of simple groups we need. In Section 3, the case G = S, or A,, is 
considered. In Section 4, the case O,(U) # 1 is handled. In Section 5, the 
case O,(U) = 1 for all p is considered. The proof is completed in Section 6. 
Most of this work was done while the author was visiting Yale 
University. He would like to thank Yale for its warm hospitality. 
2. SIMPLE GROUPS 
THEOREM 2.1. Let S be a finite nonabelian simple group. If 
H < S d G d Aut S, then &(H) # gG(S) for H # S. 
Proof If S = A,,, n > 4, this follows by [FKS]. They handled the case 
G = S; however, the identical argument still is valid. Alternatively, the 
result follows from Proposition 3.2. 
If S is sporadic, the result follows by [Sa, Table] unless S = Co,, Co,, 
or MC. If S=Co*, since 23[IHI, it follows by [W] that H<KrMz3. 
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Since K has a unique class of involutions and S= G has three classes, 
.!sgK) # 9gS). If s= co,, the same argument applies by [Fi] (except that 
S has two classes of involutions). If G = MC, it follows by [Fi] (since 
77) IHI) that H<KrM,,. Then K has a unique class of elements of 
order 3, while S has two classes of elements of order 3 (which remain 
distinct in Aut S). 
If S is a group of Lie type, then the proof of [Sa] yields the result except 
in the cases Sp,(2), 2B2(q), or ‘G,(q) (although, one does have to be a bit 
more careful in some of the cases when S is exceptional). In the remaining 
cases, all maximal subgroups of S are known and inspection of the cases 
yields the result. 
Note for G = S, this is stated in [FKS]. Sax1 [Sal proves the analogous 
results for V&H). 
COROLLARY 2.2. Suppose A = S1 x . . x S, 4 G with each Si = S afinite 
nonabelian simple group. If B < A and Ye(B) = Ye(A), then xi(B) = Si, 
where zi: A -+ Si is the projection of A onto Si. 
Proof Assume T = rci (B) # S. Then choose g E PG( S) - P$,,, s( T). Then 
(g, . . . . g)$Yo(B), since for any x in G, x(g, . . . . g) x-i = (at(g), . . . . o,(g)), 
where a,~Aut(S). By the choice of g, oi(g)$ T. 
It follows that if pG(B) = go(A) (or 5?&(B) = A), then B is a product of 
“diagonal” subgroups of A. One can construct such examples. Indeed for 
any S, choose t greater than the number of conjugacy classes of S in 
Aut(S). Set G = Aut(A) and B= {(g,, g,, . . . . g,) E A I g, = g2}. Then 
VG( B) = A. 
3. THE CASE U= 1 
We need a number theoretic result. 
LEMMA 3.1. (a) If 1 <k <n/2, then there exists a prime p such that 
P I(E) butpln. 
(b) rf n/4 < k 6 n/2 with n odd, then there exists an odd prime p with 
p 1 (;) and p [ n unless (n, k) = (5,2). 
Proof: We prove (a). The proof of (b) is almost identical. We proceed 
in a series of short steps. Assume (n, k) is a counterexample. 
k’=kmod(n- 1). (3.1.1) 
ProoJ If p 1 n, then the hypothesis implies a Sylow-p subgroup P of S, 
fixes a k-set. Hence so does every p-element. If p’/ (n - l), choose x E G a 
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product of disjoint p’ cycles and fixing a unique point. Since x fixes a k-set, 
k-0 or 1 mod p”. 
k>&. (3.1.2) 
Proof. By (3.1.1), k*-k>n- 1, whence k*>n+k- 1 >n. 
then p’ d n. (3.1.3) 
Proof: This is well known. 
Let r be the number of distinct primes dividing n. Then 
r Q log, n, and so (t) < n’og2n. (3.1.4) 
(3.15) 
n < 256. (3.1.6) 
ProoJ: If n > 256, then log,‘2 < 4. Thus (3.15) implies log, n z (l/2) &, 
whence n -C 64. 
If n < 256, then one checks by hand that the result holds. The easiest way 
to observe this is to use (3.1.2) and observe that any p between n-k and 
n works. 
If k > n/4, then assuming no odd prime divides (z) and not n, we deduce 
as above that (i) < n’ogln+ ‘. Since k > n/4, (;) > 4”14. If n 3 64, taking logs. 
yields a contradiction. For n < 64, the result follows by inspection. 
PROPOSITION 3.2. Let G = Sym(Q) with 101 = n. Suppose G, is the stabi- 
lizer of u in Q. 
(a) Zf H < G contains a conjugate of every p-element of G, for all p, 
then G, < Hg for some g E G. 
(b) Zf n > 6, L = Alt(Q), and H < L contains a conjugate of every 
p-element of L, = G, n L, then L, d Hg for some g E L. 
Proof (a) If H acts transitively, then G = HG, and so H, = H n G, 
contains a conjugate of every p-element of G,. Thus by induction H, B G,, 
for some fi E Q. Since some p-element in H, fixes only IX, H, # G,,,. Thus 
H=G. 
So assume H is intransitive. If H has an orbit of size k, 1 < k <n/2, then 
by Lemma 3.1(a), there exists a prime p which divides [G : H] but not n. 
So choose an element x in G such that the orbits of x are the orbits of a 
Sylow-p subgroup P. Then x fixes a point (as p 1 n) but stabilizes no k-set 
(since P does not). Hence no conjugate of x is in H. 
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Thus H has two orbits of sizes 1 and n - 1. So we can assume H < G,. 
Since any two elements in G, which are conjugate in G are conjugate in 
G,, the result follows by the argument of first paragraph. 
(b) If H acts transitively, one argues as above. So H is intransitive 
and has an orbit of size k, 1 < k 6 n/2. We assume H is the full stabilizer of 
a k-set in L. Then the argument above yields the result if there exists an 
odd prime p 1 (i) with p 1 n. So assume no such odd prime exists. By 
Lemma 3.la, (t) is even and IZ is odd. Write n = 1 + 2”’ + ... + 2Sd, where 
o<s,<s,< ... KS,,. Note 2”d> n/2. If d is even, there exists x E L with 
orbits of size 2”‘, . . . . 2’d. Since the Sylow 2-subgroup of L fixes no k-set, 
no conjugate of x is in H. If d is odd, choose XE L with orbits of 
size 2”‘, . . . . 2”dml 2”dP’ 2”*- ‘. If some conjugate of x fixes a k set, 
then k 2 2”d- ’ Q n/4, since k must be a sum of the orbits sizes of x and 
cannot be a sum of the orbit sizes of the Sylow 2-subgroup. Now apply 
Lemma 3.1 (b). 
COROLLARY 3.3. Zf H is a proper subgroup of L = Alt(Q) 6 G = Aut L 
with D finite, then H does not contain a G-conjugate of every element of L 
of prime power order. 
ProoJ For JB/ = n > 7, this follows by the proposition. For n 6 6, this 
follows by inspection. 
4. O,(U) # 1 
Throughout this section G will denote a finite group, H a subgroup of 
index n, and U = Core,H, such that G/U E A,, or S,. 
We wish to consider GF(p)-modules for G. In particular, we need a 
lower bound on the dimension of irreducible modules with kernel con- 
tained in U. By a result of Feit and Tits [FT], it suffices to compute the 
minimum dimension for projective representations for A,, (n 2 5). We use a 
cruder method. 
LEMMA 4.1. Zf 4p: G + GL(d, p) is a representation such that n 2 5 and 
ker q < U, then d > log, n. 
Proof: Let sI denote the sectional I-rank. If p #2, then s2(An)< 
s,(GL(d, p))<d+~(S~) (since any representation of a two group is 
monomial over GF(p*)). Thus s2(An) -So < s,(A,) - s2(Sd) + 1 < 
d+ 1. Hence 
n-d-3 
<d+l 
n-5 
2 
or d>- 
3 . 
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This implies the result for n & 14. If n < 14, then log, n < 3 and log, n < 2 
for n < 9. So the result holds. 
If p = 2, the same computation using s3 yields 
n-d-2 n-2 
3 
<d or da---- 
4 . 
If n 2 32, this yields the desired bound. If n < 32, then log, n < 5 and since 
n 2 9 implies by inspection that G has no four-dimensional representations, 
the result follows. 
THEOREM 4.2. Suppose GJUrA,, n>3, and H/UgA,_,. If A is a 
finite G-module over the field of p elements and B is an H-invariant proper 
submodule with A = UgcG Bg, then 
(i) p = 2 and n is odd, or 
(ii) p=3 and n=4. 
Proof. Without loss of generality, we can assume that A is irreducible 
and A/B is H-irreducible. Say 1 A/B1 = pt Clearly 1 Al > n 1 BI, whence 
n > p-‘. Note that if n = 3, then p = 2 and so (i) holds. So assume n > 4 and 
(P, n) # (3,4) or (2,V. 
Let S be the kernel of the action of H on A/B. We first show that 
H = SU If n 2 6, then as SU u H, either H = SU or S6 U, whence 
f > log,n by the previous result. Hence pf 2 n, a contradiction. If n = 4 or 
5, then ( p, n, f) = (2,4, 1) or (3,5, 1). In the first case H = S and in the 
second lH/Sl d 2. Since A, has no subgroup of index 2, this implies 
H = SU. Let C be a U-invariant subspace with C % A/B (note A is a semi- 
simple U-module). Let I= { g E G 1 Cg z C} be the inertial subgroup of C. 
Since H acts on A/B, H<Z. If H=Z, then DgI.zC,@ . . . @C,, where 
DE A/B and the Ci are nonisomorphic U-modules (whence 0: is a cyclic 
U-module). Since A, maps onto D, A embeds in 0: by Frobenius 
reciprocity. Since 0: is irreducible, A = D”, is a cyclic U-module. Thus B 
contains a U-generator of A, whence B = A. This contradiction shows that 
I= G. In particular, S A U acts trivially on A. So we can assume that 
SnU=l.ThusH=UxS,andsoG=UC,(U).If(p,n,f)=(2,4,1),this 
implies U= 1 and G = A,, and so p = 2 implies B is G-invariant, a con- 
tradiction. So assume n 3 5. So G is a central product of U with a covering 
group of A,. Since this splits when restricted to A,_, , this implies either 
G = U x A,, or n = 6 and the covering group is the triple cover. In the latter 
case as pf < n = 6 and U acts faithfully, p = f = 2 and 1 UI = 3. This fails by 
inspection. So we have reduced to the case G = Ux A,, n 2 5, where 
A/BzCQl,+ Since U fixes B, we can assume that G = A,, and A/B is 
trivial as an H-module. Thus A embeds in 1:. If pin, then the socle of 
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E = 1 E is one-dimensional, and so A E 1 G = Sot(E), a contradiction. So 
p 1 n. So we need only show that p = 2. 
We can view A = {(al, . . . . c(,) 1 cq E GF( p), C tli = 0} with H the stabilizer 
of the first coordinate and G acting by permuting the coordinates. Assume 
p > 2. Choose u = (cI~, ..,, a,) E B such that exactly two entries are nonzero. 
If ol, # 0, then clearly the H-conjugates of u span A. This contradicts the 
H-invariance of B. So CI, = 0. In this case, the H-conjugates of B span 
B, = {UL . . . . PnbAIL4=o~. s ince this is a hyperplane B = B,. However, 
since p > 2, we can find w E A such that each entry of w is nonzero. No 
conjugate of w is in B. This contradiction completes the proof. 
Remarks. 1. A similar argument to the last paragraph shows that in 
fact U acts trivially on A for n > 7. 
2. If p = 3 and n = 4, take G = G&(3) acting on the natural module. 
Then H is the stabilizer of a line and 1 UI = 2. 
3. If p = 2 and n = 5, one gets another example. Set A, z G = 
X,(4) <Z,(2). So G acts on the natural module and A, 2 H stabilizes a 
plane (actually a line over GF(4)) and the conjugates of these planes cover 
the space. This is presumably the only example which is not absolutely 
irreducible over the prime field. 
5. ACTIONS ON FUNCTION SPACES 
We again assume G, H, and U are as in the previous action. Let r and 
X be nonempty finite sets. Let C= C(T, X) denote the set of all functions 
from r into X. If G acts on r, then G acts on C via (&f)(x) =f( g-‘y). 
THEOREM 5.1. Assume G acts transitively on r, x = 1x1 > 4, and there 
exists a partition rl, . . . . r, of r such that 
(i) the partition is H-invariant, and 
(ii) p-1 > 1. 
Set D = {fe Clf is constant on ri}. Then 
(iii) D is H-invariant, and 
(iv) UgEGDg#C. 
Proof: Suppose ry=r,u . . . UT,, k&t. Thus Ir,l= . . . =Ir,(= 
I> 2. Thus ICI =x’, r= Irl, and IDI <x~x”:‘~. Clearly (iii) holds. If (iv) 
fails, then ICI <n(D(, or x (‘-‘kg<n. Thus k<(Z- l)k<log,n. This 
implies 2 < kl i 2 log, n < log, n ‘. In particular, n 2 4 arid log, n2 < (n - 1). 
Since G = G, H, where G, jU g A,,, we can assume G/U z A,. 
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Let R = ri u ‘. u r, = Q, v . . . v 52,, where each 0, is a U-orbit. Fix 
yEX.Choosef~CsothatIf-‘(y)nnI=lforanyU-orbit/i.Ifgiscon- 
jugate to f, then 1 g-‘(y) n QI = d. In particular, choose such a conjugate 
in D. Then 1 g-‘(y) n 521 = fm for some m so d= fm. 
Let S be the stabilizer in H of y E Sz,. If H # SU, then [H : SU] > n - 1 
for n b 6 and [H : SU] > 3 for n = 4 or 5. However, \sZl = kla [H : XI]. 
Hence log, n2 B [H: SU], a contradiction. So H= SU and k > lyHl= Iy’I. 
On the other hand, ly”l = IQ,\ =(kl)/d=k/m. Thus m= 1 and d=l. Now 
H/U permutes these U-orbits. If the action is nontrivial, then 1 k n - 1 for 
n > 6 or 2 3 for n = 4 or 5. This contradicts I < log, n2. SO H fixes each 0,. 
Since G acts transitively on the set of U-orbits and H is maximal in G, H 
fixes a unique U-orbit. Thus E = 1, a contradiction. 
6. THE PRIME POWER THEOREM 
THEOREM 6.1. Assume [G : H] = n, U = Core, H, G/U z S, or A, (with 
n > 6 in the latter case). If K < G and K contains a conjugate of every prime 
power element of H, then K > Hg for some g. 
Proof: Let G be a minimal counterexample. By Proposition 3.2, U # 1. 
Let A be a minimal normal subgroup of G with A < U. Note that A is 
not contained in K for then (G/A, H/A, K/A) would be a smaller counter- 
example. 
Case 1. A abelian. Let B = A n K # A. So U Bg = A. In particular 
B # 1. Thus by minimality, AK = H (up to conjugation, as otherwise 
(G/A, HIA, AK/A) would yield a smaller counterexample). Hence B 4 H. 
Thus by Theorem 4.2, either p = 2 and n is odd or p = 3 and n =4. 
Consider the first case. Choose XU in H/U such that XU has exactly one 
fixed point in the permutation representation on the cosets of H and x is 
a 2-element. This is possible since n is odd. Since H = KA = KU, we can 
assume x E K. Choose a E A - B. Then xa E H, and so some (xa) g E K. Since 
x” E H, this implies by the choice of x that g E H = KA. So g = cy, for some 
CE A and YE K. Thus (xa)‘=xca=x[x, c]aE K. Hence [x, c]a~ An 
K = B. Thus [x, A/B] = A/B. This contradicts the fact that x is a 2-element. 
If p = 3 and n = 4, the same argument applies except that we take x to be 
a 3-element. 
Case 2. A=n?.,- L,, where the L, are isomorphic nonabelian simple 
groups (say isomorphic to L) and G permutes the L, transitively. By 
minimality, we can assume KA 2 H. Consider Kn A = B # A. If B does not 
project onto L, for some y, then U Bg does not contain every prime power 
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element of A by Corollary 2.2 (this is where the classification of simple 
group is used). 
Hence we can assume that each projection of B is a surjection onto L,. 
By [AS], this implies that there exists a partition rI, . . . . T1 of r such that 
B=B,x ... x B,, where B, is a full diagonal subgroup of fi (i.e., there 
exist isomorphisms 09: L + L, such that B, = {(x,) E A 1 xy = a,,(/) for all 
1 E L if y E I’, and x, = 1, y 4 r, }. Since KA > H, this partition is 
H-invariant. Since B # A, some lr,l > 1. Let X be the set of orbits of prime 
power elements of L under Aut L. Note 1x1 3 4. If (f,) = f E A is of prime 
power order, f defines an element f * in C(I’, X) byf*(y) is the orbit off,. 
(We are identifying L, with L. Since we are only interested in orbits under 
Aut L, there is no ambiguity as to how this is done.) Note that if f E B, 
then f defines an element of C(T, X) which is constant on the Ti. Clearly 
G acts on C(r, X). Since A acts trivially and K preserves B, this implies B* 
is KA 3 H-invariant. Then Theorem 5.1 implies U ( B*)R # C(l’, X), whence 
IJ Bg does not contain every prime power element of A, a contradiction. 
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